Abstract. Mathematical techniques were applied to a microbial depolymerization process of exogenous type. Experimental results were incorporated into analysis, and a microbial depolymerization process of polyethylene glycol was simulated. Inverse problems for molecular factor and time factor of a degradation rate are described and numerical techniques are illustrated.
Introduction
Microbial depolymerization processes are classified into exogenous type and endogenous type. Molecules reduce in size through successive liberation of monomer units from their terminals in an exogenous type depolymerization process. Polyethylene (PE) is one of polymers that are depolymerized in exogenous type depolymerization processes. A depolymerization process of PE involves two primary factors, gradual weight reduction due to  -oxidation, and direct consumption by cells. A PE molecule liberates a monomer unit (CH 2 CH 2) in one cycle of  -oxidation, and it undergoes successive  -oxidation processes until it becomes small enough to be absorbed directly into cells. The scenario was modeled mathematically for simulation of PE biodegradation processes [1] .
Polymers that are depolymerized in exogenous type depolymerization processes also include polyethylene glycol (PEG). Polyethers are polymers that are expressed by the structural formula HO(R-O)nH, and PEG is one of polyethers (R = CH 2 CH 2 ). PEG is depolymerized liberating C 2 compounds [2] . Mathematical techniques developed for PE biodegradation were applied to biodegradation of PEG [3] . Weight distributions with respect to the molecular weight before and after cultivation of microbial consortium E-1 was incorporated into inverse analysis of degradation rates, and initial value problems were solved numerically for simulation of PEG biodegradation processes. Time dependence of degradation rates was also taken into consideration for modeling and simulation of exogenous type depolymerization processes of PEG [4] .
Molecules are broken up arbitrarily in endogenous type depolymerization processes. Polymers that are depolymerized in endogenous type depolymerization processes include polyvinyl alcohol (PVA) and polylactic acid (PLA). A mathematical model was proposed for an enzymatic depolymerization process of PVA [5] , and it was applied to enzymatic hydrolysis of PLA. Degradabilities of PVA and PLA were compared [6] . Time dependence of the degradation rate was also incorporated into formulation of a PLA depolymerization process [7] . A model proposed for endogenous type depolymerization processes was reformulated for application to exogenous type depolymerization processes of PEG [8] and PE [9] . Mathematical techniques developed for the PE biodegradation [9] were applied to depolymerization processes of PEG [10] . Time dependence of degradability was incorporated into modeling of PEG depolymerization processes [10] .
In this study, exogenous type depolymerization of PEG is revisited. In the following sections, a mathematical model is described, and inverse problems for a molecular factor and a time factor of a degradation rate are illustrated. Numerical techniques are described, and numerical results are presented. Weight distributions of PEG before and after cultivation of microbial consortium E1 for one day, three days, five days, seven days, and nine days were introduced into analysis.
Formulation of Exogenous Type Microbial Depolymerization Process with Microbial Consumption of Carbon Source
[mg] be the weight distribution with respect to the molecular weight M and   t  be the microbial population at time t , such that the total weight of residual polymer  
In particular, ｔhe total weight of residual polymer at time
The total weight of residual polymer (2) is approximated with the integral (1) for appropriate values of A and B . The following system of equations (3), (4) was proposed in previous studies [13, 12, 11, 10] .
Here L is the molecular weight of monomer unit liberated from a molecule in one cycle of exogenous type depolymerization process, e.g. PE:
28 
The change of variables (7) converts the equations (3) and (4) to the equations (8) and (9), respectively 

. Equation (8), the initial condition (10) and the additional condition
form an inverse problem for the molecular factor   M  , for which the solution of the initial value problem (8), (10) also satisfies the condition (11) . Numerical techniques to solve the inverse problem were developed in previous studies [15, 16] . Weight distributions after cultivation of the microbial consortium E-1 for one day and three days were assigned to the functions 
Inverse Analysis for Time Factor of Degradation Rate in Exogenous Type Depolymerization Process
Once the molecular factor   M  was found, the equation (8) 
. Equation (4) leads to
h , respectively, so that the equation (9) holds. Given weight distributions before and after cultivation of microbial consortium E1 for one day, three days, five days, seven days, and nine days, correspondence between values of t and values of  was obtained.
Note that the solution of the equation (9) 
   and consider the three equations for the three unknowns 0  , k , and h ,
(13) In a previous study, application of the Newton-Raphson method and the bisection method to the system of equations (13) 
(14) Then the bisection method was applied to the equation 12 
10
 . Entries in the column "Count" are the numbers of iterations for errors between two successive approximate solutions the system (14) to reduce to the value less than 12 
 .
Step 
